Abstract. The Hecke transformation of modular forms in several variables generates nonsymmetric modular forms out of symmetric forms. This is useful since symmetric forms arise out of Eisenstein series and are easy to construct, while nonsymmetric forms are much harder to construct. A symbolic manipulation system is required because of the magnitude of the Fourier expansions. This process is carried out for Hubert modular functions over Q(V2 ).
The Rational
Case. An important application of modular functions to number theory depends on the argument multiplication in modular forms. Specifically, in the classical case, z is in the upper half-plane (1.1) H= {Imz> 0}
and modular forms are defined. These are functions f(z) holomorphic in H which are covariant under the modular group, i.e., (1.2) f[a^z\bd) =f(z)(cz + d)2k, k^Z+,a,b,c,d£l,adbc = l.
Here 2k is called the degree of the form. Note, because of the even exponent 2k, we need not worry about the identification of (az + b)/(cz + d) and (-az -b)/(-cz -d).
Also, f(z) must approach a limit as z -» zoo, and, if the limit is zero, f(z) is called a cusp form. The modular (or cusp) forms of a given degree form a vector space M2k (or C2k) of finite dimension over C. The crux of the application is that the modular forms form a finitely generated graded ring R. If we consider f(nz) for some values of n e Z+, then there are a set of conjugates whose symmetric functions are modular forms. We list them (for p prime only):
(1.3a) fjz)=p2kf(pz), /r(,)-/(£±£), 0<r</--l.
In particular, the following function (the Hecke-transformation):
is a modular form of degree 2/c again (just like /). Actually, if /( z) has the Fourier expansion (1.4a) f(z) = a0+ \Zanq", q = e2«'\ n = i then a standard calculation with roots of unity yields 00 (1.4b) Tpf(z) = (p2k+p)a0+ £ (p2kan/p + panp), n = l where the symbol "fl"/." has the value 0 when p does not divide n.
In particular, when f(z) is a cusp form, so is T f(z), and if there is only one cusp form in the space C2k,
This is indeed true for a famous case where 2/c = 12,
00
(1.6a) /(z) = ?n(l-?f-? = e2"'\ «=i and Mordell used this analysis to prove the multiplicative property of the coefficients r(n) (Ramanujan's tau function) as defined by 00 (1.6b) f(z)= ¿Zr(n)q". Here a' = a -b^¡2 is the conjugate over Q of a = a + b^2. We shall define a modular form /(z, z') of degree 2k which is holomorphic and satisfies on H (2-4)
We denote f(z, z') by f(z) for brevity. Again f(z) approaches a constant as z (and z') approaches joo, and if the constant is zero, f(z) is called a cusp form. As before, the definitions of the space M2k (or C2k) of modular forms (or cusp forms) over C are introduced.
For modular forms over quadratic fields (in this case Q(v^2 )) the more important number-theoretic applications require separate consideration of the symmetric modular group defined as (2.5a) r*=(r,z~z'}.
For this augmented group a symmetric subspace of the forms M?A (or C*^) is defined. In brief, it is characterized by the further property (2.5b) f(z,z')=f(z',z).
For M %k and C^k the symmetric modular forms and the cusp forms are generated by Eisenstein series which are intrinsically symmetric. Their expansions are of the form (2.6a) G2k = A2k + B2kY,qhr«s2k_x(a + bJÏ), k>l, with (2.6b) q = e*'<-'+'''>, r = e^"2'ŝ ummed over some algebraic integers of I\\¡2 ],
Then, the coefficients are given by
with /t summed over all ideals (¡i) dividing (a). The condition for symmetry is r <-> 1/r, or equivalently that su(a) = su(-a'). We need only k = 1,2,3 to generate the ring of symmetric modular forms of even degree. Here we use the additional constants (2.7) (^2,B2) = (1,48), (A4,B4) = (11,480), (A6,B6) = (361,1008).
Actually, the more convenient generators are H2, H4, H6, given by
(see Cohn [1] and Table I for the Fourier expansions). For these forms (2.9) Hm(z,z') = Hm(z',z), m = 2,4,6.
If we are interested in nonsymmetric positive forms of even degree, we must start with the one of lowest possible degree, 14, satisfying (2.10) HX4(z,z') = -Hx4(z',z).
It is arrived at (only through a very difficult analysis) by H24 = H4H6(H2H4 + 4H6) (2.11)
x(/723//6 -1728#62 -288//6//4/72 + AH¡H2 -1024//43) (see Table I for the coefficients). The background material can be found in Gundlach [3] and the special form of HX4 is essentially due to Müller [7] . Again, we analogously define for f(z, z') in M2A., (3.3a) fjz,z')=f(mz,m'z')p2k, (3.3b) fXz,z')=f\^,Z-~L\ 0^r^p-l, and the Hecke operator is again seen to produce a modular form of degree 2k, 00 (3.3c) g(z,z') = 7;/(z,z') = L/,(z,z').
It can be shown analogously with (1.4a, b) (see [la] ) that if by the multiplicative nature of su(a). We find (see Table III ) that for m = 2 + \¡2, C2k is transformed into itself, or, equivalently, is annihilated by Dw. On the other hand, for m = 3 + {2, C^k is not preserved but seems mapped surjectively onto C2k. Specifically, we must go as far as k = 1 to see this. In fact we construct HX4 from C%k, the symmetric subspace, by means of (see matrix entry in Table IV for m = 3 -I-v^ and 2k = 14). Table III Transformation matrix for T" on bases in Table II The method of construction is of some interest because nonsymmetric modular forms are hard to generate directly. They require a combination of such arcane devices as Poincaré series, theta series, and modular forms of half weight, while many symmetric functions are deduced effortlessly from Eisenstein series. It is necessary to have a symbolic manipulation program because the modular forms must be manipulated as Fourier series (compare Nagaoka [8] ). Series with 80 terms were used routinely with some auxiliary series having 128 terms and coefficients of Table IV Transformation matrix for T" on bases in Table II magnitude 1010. We found MACSYMA (VAX version) barely sufficient in the capacity required. We constructed the matrix of the Hecke transformations of the basis of cusp forms of even degrees 2 to 14 and for m = 2 + y¡2 (which possesses symmetry) and 77 = 3 + y¡2 (which does not). The results are shown in Tables III and IV, as shown in Table II .
The eigenvalue equations are of some theoretical interest because of their invariance under change of basis. They are of even more compelling numerical interest because the instances of rational and quadratic factors seems very difficult to fathom. (See Tables III and IV 
